Abstract. In this note we prove the backwards uniqueness of the mean curvature flow in codimension one case. More precisely,let Ft, e Ft : M n → M n+1 be two complete solutions of the mean curvature flow on M n ×[0, T ] with bounded second fundamental form in a complete ambient manifold with bounded geometry. Suppose
Introduction
In a recent paper [K] Kotschwar proved backwards uniqueness of the Ricci flow. Inspired by his work we prove the backwards uniqueness of the mean curvature flow in codimension one case. More precisely, we have the following Theorem Let F t , F t : M n → M n+1 be two complete solutions of the mean curvature flow on M n × [0, T ] with bounded second fundamental form in a complete ambient manifold with bounded geometry. Suppose F T = F T , then
(Here, as usual, by bounded geometry we mean that M n+1 has bounded injectivity radius and bounded (norms of) covariant derivatives of the curvature tensor.)
Note that the (forward) uniqueness of the mean curvature flow in any codimension had been established by Chen and Yin [CY] .
As an immediate consequence of our theorem we have the following
) be a complete solution of the mean curvature flow on M n × [0, T ] with bounded second fundamental form in a complete ambient manifold with bounded geometry. Let σ be an isometry of (M n+1 , g) such that there is an isometry σ of (
Proof of Corollary. σ • F t and F t • σ are two solutions to the mean curvature flow with bounded second fundamental form on M n × [0, T ] with the same terminal value, so by our theorem σ
In the next section we will give the proof of our theorem, which relies heavily on the methods and results in [K] .
Proof of Theorem
For simplicity, we only consider the case M n+1 = R n+1 . The general case can be treated similarly, since in the general case one need only to add some lower order terms in the equations, which do not affect the present proof much.
Let F t : M n → R n+1 be a solution to the mean curvature flow ∂ ∂t F t = −Hν, where H(·, t) is the mean curvature and ν(·, t) is a unit normal to M t = F t (M n ). Let A = (h ij ) be the second fundamental form of the immersion F t , g = g t be the induced metric on M n from F t , ∇ be the Levi-Civita connection of (M n , g t ), and Γ i jk be the corresponding Christoffel symbols. We begin our proof with the following lemma, most of which can be found in Huisken [H] .
(4)
Proof. For (1)- (4) see [H] . (5) follows from (3),(4), commutation formulas for derivatives and the Gauss equation. Now let f = g − g, P = ∇ − ∇, Q = ∇P, S = A − A, U = ∇A − ∇ A, where g, ∇, etc are the corresponding quantities w.r.t. the immersions F t : M n → R n+1 which is also a solution to the mean curvature flow. Then we have the following Lemma 2 (1)
Here V * W denotes a linear combination of contractions of the tensor fields V and W by the metric g.)
Proof. As in [K] , it is easy to verify that
Then Lemma 2 follows from Lemma 1 by direct computations.
Now similarly as in [K] we let
, and let X(t) = S(t) U (t) ∈ X , and Y(t) = f (t) P (t) Q(t) ∈ Y. Then we have the following Lemma 3 Let F t , F t : M n → R n+1 be two complete solutions of the mean curvature flow on M n × [0, T ] with |A| gt ≤ K and | A| e gt ≤ K for some constants
Proof. By Ecker-Huisken [EH] there exist constants C m = C m (δ, K, T ) and Then that |P | gt is bounded follows from Lemma 2 (2) and the assumption P (T ) = 0. In fact, for any x ∈ M n ,
(One can also prove this using Lemma 1 (3). Compare with [K] .) Similarly Q (and ∇ m P ) are bounded. Then Lemma 3 follows from Lemma 2. Now utilizing Lemma 3, we can apply [K, Theorem 8 ] to conclude that X = 0, Y = 0 on M n × [δ, T ] for any 0 < δ < T , since the required growth condition of [K, Theorem 8 ] 
